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Abstract 
Warping deformation along the length is one deformation of the thin-walled C-section composite beam (TC2B). Preloading induced changes in 
the warping deformation should be considered in the tolerance simulation. The paper presents a tolerance simulation for the TC2B assembling 
under the preloading. Based on numerical model of TC2B and small displacement torsor model, the preloading-modified probability 
distribution of the warping deviation is obtained. The assembly of the downscaled wingbox illustrates the effect of preloading on the 
assembling of the TC2B. The results have shown that tolerance simulation with the modified probability distribution is more accurate than the 
initial normal distribution. 
© 2016 The Authors. Published by Elsevier B.V. 
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1.  Introduction 
Composite structures, like the Thin-walled C-section 
Composite Beams (TC2B) are widely used in various 
engineering applications such as airplane wings, helicopter 
blades as well as many others in the aerospace, mechanical, 
and civil industries. To control the geometric variation of 
composite parts assembly, tolerance simulation analysis is an 
important work in the process planning stage to predict 
nonconformance and identify the major component tolerances 
that contribute to nonconformance in aircraft industry. 
Owing to high processing temperatures, the residual 
stresses in thermoplastic composites are inevitable. These 
residual stresses lead to the unavoidable and unexpected 
variations, such as warping deformations and spring-in 
deviations. These unavoidable and unexpected variations 
introduced during composites fabrication and assembly are 
major causes of the product variability that leads to failures to 
meet requirements[ 1 - 4 ]. The composites parts assembling 
variation comes from the assembling sequence, the thickness 
variation of the specified mating surfaces, warping 
deformation, spring-in variation and prescribed clamping 
forces[1,5,6] etc.  
Once TC2B is loaded in the jig, a prescribed clamping 
force is applied to eliminate the gaps between the warped 
TC2B and positioning pins. TC2B’s position in a fixture is 
significantly influenced by its warping deformation at the 
clamping points along the length. It is important to 
quantitatively estimate the positioning errors induced by the 
warping deformation in order to conduct the tolerance 
simulation work more reliable. 
The paper presents a tolerance simulation work for the 
thin-walled C-section composite beam (TC2B) assembling in 
the downscaled wingbox, mainly considering the effect of 
prescribed clamping force on the warping deformation of the 
TC2Bs. Spring-in and thickness variations of the TC2B are 
obtained from the data of the downscaled composite wingbox. 
The assembling jigs' preloading, that is the prescribed 
clamping force, introduces some changes in the distribution of 
the TC2B's warping deviation. Based on small displacement 
torsor (SDT)[ 7 ] model, the quantitative estimation of the 
positioning errors induced by the clamping force is obtained. 
The modified deviation distributions of composite parts are 
employed when conducting the tolerance simulation with 
VSA, a Computer Aided Tolerance (CAT) software. The 
assembly of the downscaled wingbox illustrates the effect of 
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preloading on the probability distribution of the warping 
deformation. 
2. Literature Review 
For a given assembly process, the dimensional variations 
for flexible components come mainly from three sources, i.e. 
the part variation, the tooling variation, and the process 
variation [3]. Dahlström[ 8 ]  presented a fixture design 
methodology based on response models for early evaluation 
of sheet metal assemblies. Sim[ 9 ] presented a method for 
predicting dimensional variation in the assembly processes of 
a wing-box structure. Saadat [10,11,12] studied the wing-box 
dimensional variation took place at Airbus UK to quantify the 
actual deformation occurring while assembling the wing 
panels onto the structure. Wang [13-17] studied the horizontal 
stabilizer assembly precision control. He proposed FEA 
models for identifying sources of variation, especially edges 
and ribs, in the horizontal stabilizer assembly. Wang [6] 
proposed a numerical finite element model of thin-walled C-
section composite beam with R-angle spring-in deviation for 
maximum clamping force determination. A Swedish research 
group conducted research on non-rigid assembly[1, 5, 18 - 20 ]. 
They developed a simulation and visualization tool and it 
utilizes a computer-aided tolerancing package (RD&T) for 
statistical rigid and non-rigid simulation.  
The concept of the Small Displacement Torsor (SDT) has 
been developed in the seventies by P. Bourdet and A. 
Clément to solve the general problem of the fit of a 
geometrical surface model to a set of points[21,22]. Asante[23]  
proposed a methodology for modeling and analyzing the 
combined effect of these errors on a machined feature. Wu[24]  
presented the tolerances modeling work based on SDT. 
Mao[25]  proposed a mathematical model of size tolerance for 
plane based on SDT. Laifa [26] presented a 3D formalization 
of manufacturing tolerancing which associated the concept of 
small displacements, the functional constraints, and 
manufacturing process capability. Wang [ 27 ] proposed a 
tolerance analysis process for the composite wingbox 
assembling under the prescribed clamping force, especially 
focuses on the spring-in deviation of the thin-walled C-
section composite beam. Cao[ 28 ] studied the precision 
assembly of airplane, which includes predicting the assembly 
variation and compensating the assembly errors with SDT. 
3. Downscaled Composite Wingbox 
The downscaled composite wingbox consists of Aluminum 
ribs and three composite components: the forward spar, the 
rear spar, the ribs, and the skin panels. The spars are bolted 
together with the skin panels to form the wing box structure. 
The skin panels close the wing box and are bolted with the 
Aluminum ribs. A downscaled composite wing-box was 
designed and manufactured to demonstrate the assembly 
process (Figure 1).  
 
Figure 1. The downscaled composite wingbox 
A portable 3D scanner, FARO EDGE, is used to scan 
surfaces of the spars and the panels. The reduction in enclosed 
angle is referred to as spring-in[29]. Table 1 is some measuring 
R-angles of the TC2Bs on the sampled cross-sections. 
Table 1 The R-angles of the TC2B on the sampled cross-sections 
Section TC2B-1 TC2B-2 
1 89.23 89.01 
2 88.85 89.2 
3 89.79 89.17 
...... ...... ...... 
16 89.18 89.17 
 
Based on the data in Table 1, the spring-in distribution is 
obtained. It is normal distribution (Figure 2), and some 
statistical indices (such as the average, the standard deviation, 
the maximum and the minimum etc.) are obtained. 
 
Figure 2 The spring-in variation and its distribution 
4. Pre-loading Modified Spring-in Variation 
When there are spring-in deviations in the TC2B, there are 
two assembling states of the metallic C beam with the TC2B 
(Figure 3).  
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Figure 3 TC2B with spring-in deviation in the assembling state 
The clearance state is employed to illustrate the practical 
CFRP-metallic structures assembling process (Figure 4). 
Once composite parts are loaded in the jigs, a prescribed 
clamping load is applied to restrain the work piece motion 
during machining and assembling. The TC2B is bolted with 
the metallic C beam, and they would be self-balanced once 
being out of the assembly jigs. 
 
 
Figure 4 Assembling the practical CFRP-Metallic structure with clearance 
 
Figure 5 The preloading modified TC2B's distribution in clearance state 
Wang [6] proposed a numerical finite element model of the 
TC2B with spring-in deviation for maximum clamping force 
determination. The proposed model provided the base for pre-
loading modified spring-in variation of the TC2Bs. The 
preloading modified TC2B's distribution is shown in Figure 5.  
5. Warping Induced Positioning Variation Estimated with             
SDT 
TC2B location in a fixture is significantly influenced by 
localized deformation of the workpiece at the clamping points. 
Warping refers to the deformation along the TC2B’s length 
direction. When there is warping, the TC2B is positioned with 
clamping variations (Figure 6). 
 
Figure 6 TC2B’s warping deformation along the length 
These deformations are caused by the clamping force 
applied to the workpiece. Due to a relatively high rigidity of 
the TC2B, the localized deformations cause it to undergo 
rigid body translations and rotations which alter its location 
with respect to the global coordinate system. The warping 
induced positioning variation estimated with SDT includes 
three steps: (1) positioning variation modeling; (2) positioning 
variation estimated with SDT; (3) conducting the tolerance 
simulation with the inputting the positioning variation in VSA. 
5.1. Variation Modeling in WCS 
There are three coordinate systems in the SDT method, 
WCS, GCS and FCS. WCS     is the Workpiece Coordinate 
System, which is the local coordinate system of the 
workpiece. GCS is the global coordinate system, which is 
commonly the machine coordinate system. FCS is the fixture 
coordinate system, which is the coordinate system of the 
fixture and is defined by the locating points of the fixture 
constraining the six degrees of freedom of the workpiece. 
As far as one point ௜ܲ଴ in the part is concerned, (xi0,yi0,zi0) 
is the initial coordinate in GCS, and the (xpi,ypi,zpi)  is the 
assembled coordinate in GCS. 
   = 0i cl E iP A T P                                  (1)       
where Acl is the translation matrix considering the 
clamping variation. TE is the translation matrix from WCS to 
GCS, which considering the geometrical variation of the 
TC2B and fixtures (Figure 7). 
 
Figure 7 Cross section of the TC2B 
The TC2B is positioned in the fixture as shown in Figure 7. 
When there is warping deformation in the TC2B, the TC2B’s 
coordinate undergoes small translating and rotating variation. 
The translating transformation is οݎ௪ ൌ ሺοݔ௪ǡ οݕ௪ǡ οݖ௪ሻ  and 
the rotating transformation is  οߠ௪ ൌ ሺοߠ௪௫ǡ οߠ௪௬ǡ οߠ௪௭ሻ. The 
rotation matrix in WCS is: 
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Considering the assumption of the small displacement,οߠ௪ 
is small enough. Then sinοߠ௪ sinοߠ௪ §0, sinοߠ௪ §οߠ௪ , 
cosοߠ௪§1, take οݎ௪  into consideration, the equation (2) can 
be transformed as follows: 
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5.2. Variation Modeling in FCS 
Positioning the TC2B according to the 3-2-1 principle, the 
six positioning points is ܮଵሺݔଵǡ ݕଵǡ ݖଵሻ, ܮଶሺݔଶǡ ݕଶǡ ݖଶሻ, ܮଷሺݔଷǡ
ݕଷǡ ݖଷሻ,ܮସሺݔସǡ ݕସǡ ݖସሻ, ܮହሺݔହǡ ݕହǡ ݖହሻ,and ܮ଺ሺݔ଺ǡ ݕ଺ǡ ݖ଺ሻ 
(Figure 8). 
 
Figure 8 TC2B positioning and variation in the FCS 
The normal vectors of three positioning planes are 
ܖܢ ൌ ሺ݊௭ሺݔሻǡ ݊௭ሺݕሻǡ ݊௭ሺݖሻሻ , ܖܡ ൌ ሺ݊௬ሺݔሻǡ ݊௬ሺݕሻǡ ݊௬ሺݖሻሻ , and 
ܖܠ ൌ ሺ݊௫ሺݔሻǡ ݊௫ሺݕሻǡ ݊௫ሺݖሻሻ. 
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Based on the coplanarity equation of space surface, the 
FCS(ݔ௙᷍ݕ௙᷍ݖ௙᷊could be expressed as: 
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Where ݔ௙᷍ݕ௙᷍ݖ௙ is the coordinate of FCS in the GCS. 
When there are geometrical errors, the six positioning 
points turn to  ܮଵᇱ ሺݔଵᇱ ǡ ݕଵᇱ ǡ ݖଵᇱ ൅ οݖଵሻ , ܮଶᇱ ሺݔଶᇱ ǡ ݕଶᇱ ǡ ݖଶᇱ ൅ οݖଶሻ , ܮଷᇱ ሺݔଷᇱ ǡ ݕଷᇱ ǡ
ݖଷᇱ ൅ οݖଷሻ , ܮସᇱ ሺݔସᇱ ǡ ݕସᇱ ൅ οݕସǡ ݖସᇱ ሻ , ܮହᇱ ሺݔହᇱ ǡ ݕହᇱ ൅ οݕହǡ ݖହᇱ ሻ , ܮ଺ᇱ ሺݔ଺ᇱ ൅
οݔ଺᷍ݕ଺ᇱ᷍ݖ଺ᇱ ሻ . The FCS turns to ሺݔ௙ ൅ οݔ௙ǡ ݕ௙ ൅ οݕ௙ǡ ݖ௙ ൅ οݖ௙ሻ . 
The normal vectors of three positioning planes are ࢔ࢠᇱ ൌ ሺ݊௭ᇱ ሺݔሻǡ
݊௭ᇱ ሺݕሻǡ ݊௭ᇱ ሺݖሻሻ , ࢔࢟ᇱ ൌ ሺ݊௬ᇱ ሺݔሻǡ ݊௬ᇱ ሺݕሻǡ ݊௬ᇱ ሺݖሻሻ , and ࢔࢞ᇱ ൌ ሺ݊௫ᇱ ሺݔሻǡ ݊௫ᇱ ሺݕሻǡ
݊௫ᇱ ሺݖሻሻ. 
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The translation of FCS is expressed with ࢔࢞ᇱ ǡ ࢔࢟ᇱ ǡ ࢔ࢠᇱ  , then 
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The normal change of the FCS is˖ 
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The translation matrix from the practical FCS(r) to 
nominal FCS(i) is˖ 
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The variation transferring matrix from WCS to GCS is 
ࢀࡱ ൌ ࢀ࢝ ή ࢀࢌ (Figure 9).  
The product of the small displacements is replaced with 
zero. Then 
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Figure 9 The variation accumulation in WCS, FCS and GCS 
5.3. TC2B Modeling with SDT 
Separating the TC2B into several sections, that is the sub-
TC2B, each section has its own coordinates (WCS, GCS and 
FCS). The small displacement refers to the rotation of the 
sub-TC2B (Figure 10). 
 
Figure 10 Translation and rotation of the TC2B and sub-TC2B 
When the TC2B is divided into several sections, the 
translation of the sub-TC2B along the length direction is 
transformed into the translation of the WCS. By doing this, 
the translation and the rotation of the sub-TC2B is small 
enough to be estimated with SDT method. Supposing the unit 
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rotation vector is u=(ݑଵǡ ݑଶǡ ݑଷሻ and one point in the rotation 
axis is r=ሺݔ௥ǡ ݕ௥ǡ ݖ௥ሻ . The translation matrix from the local 
coordinate to the global coordinate isᷛ 
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Where 2 2 21 2 3 1u u u+ + = ᷍and the three column vectors in 
the matrix R is orthogonal. Then 
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I is the unit matrix. 
As shown in Figure 10, there are n sub-TC2Bs in the 
TC2B. The first sub-TC2B’s rotation angle is ߠଵ  and the 
rotation matrix is ࡮૚. Then the i-th sub-TC2B’s rotation angle 
is ߠ௜ and the rotation matrix is ࡮࢏. Then 
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where ߠ ൌ ߠଵ ൅ ߠଵ ൅ڮ൅ ߠ௜. 
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ݑଵଶ ൅ ሺͳ െ ݑଵଶሻܿ݋ݏߠ ݑଵݑଶሺͳ െ ܿ݋ݏߠሻ െ ݑଷݏ݅݊ߠ ݑଵݑଷሺͳ െ ܿ݋ݏߠሻ ൅ ݑଶݏ݅݊ߠ
ݑଵݑଶሺͳ െ ܿ݋ݏߠሻ ൅ ݑଷݏ݅݊ߠ ݑଶଶ ൅ ሺͳ െ ݑଶଶሻܿ݋ݏߠ ݑଷݑଶሺͳ െ ܿ݋ݏߠሻ െ ݑଵݏ݅݊ߠ
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Four points in a nominal plane are defined as 1, 2, 3 and 4. 
The SDT between the practical plane and the nominal plane is 
D=(0, 0, Δy, ΔT௫ , ΔT௭ǡ Ͳሻ் . The coordinate of the ௜଴  in the 
nominal plane is (ݔ௜,ݕ௜ǡ ݖ௜), and the practical coordinate after 
clamping is ௜ܲሺݔ௣௜, ݕ௣௜ǡ ݖ௣௜ሻ. Then 
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Noted as 
ۯ ൌ ۱ כ ۲                              (25) 
Then 
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'
൩ ൌ ۲ ൌ ሺ۱்۱ሻିଵ۱்ۯ                (26) 
6. CASE Study: Tolerance Simulation of Wingbox 
The simulation is conducted for geometry assurance 
integrating process variation for the composite parts. The 
positioning schemes are defined for the Aluminum ribs and 
three composite components of the downscaled wingbox 
(Figure 11). 
  
Figure 11 Positioning Scheme for all parts and tolerance simulation 
The joining points on the two mating-surfaces are linked 
together in their normal and tangential directions, which 
represented the bolted connection. All parts are put together 
virtually (Figure 11) in the commercial software packages, 
VSA[30]. 
Warping induced positioning variation of the TC2B is 
estimated with SDT. The TC2B is 1000mm length, 4mm 
thick and 60mm wide. Then six positioning points are
L1=[500,300,0], L2=[-500,300,0], L3=[0,0,0], L4=[500,0,30], 
L5=[-500,0,30] and L6=[500,150,2]. The TC2B is divided into 
10 sub-TC2Bs. The four points around the edge are ଵܲ଴ ൌ
ሺͷͲͲǡ͵ͲͲǡͲሻǡ  ଶܲ଴ ൌ ሺͶͲͲǡ͵ͲͲǡͲሻǡ  ଷܲ଴ ൌ ሺͶͲͲǡ͵ͲͲǡ͸Ͳሻǡ  ସܲ଴ ൌ
ሺͷͲͲǡ͵ͲͲǡ͸Ͳሻ. Calculating the clamping variation of the TC2B 
with programmed routine, the final result is 
൥
'T௭
'T௫
'
൩ ൌ ൥
ͲǤͲͲͳͺ
ͲǤͲͲͷʹ
െͲǤͳͷ
൩                         (27) 
For the variation simulation, 1000 iterations are conducted 
in VSA and the clamping variation is imputed to VSA also. 
The final assembling variations of the normal distribution and 
the detailed information is in Table 2. 
Table 2 Results of the downscaled wing-box with and without SDT 
Without SDT With SDT
Mean 312.0840 312.1234
Std. 0.4800 0.4939
Cp 0.8333 0.8099
%<Low Limit 0.6% 0.4%
%>High Limit 1.1% 1.6%
% Out of Spec. 1.7% 2.0%
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 Based on the VSA simulation results in Table 2, there are 
differences between the normal assembling and the pre-
loading assembling state. As a result, the pre-loading 
assembling the chances for smaller variation and SDT method 
improves the reliability of the results. 
7. Conclusions 
The paper presented a tolerance simulation method for the 
thin-walled C-section composite beam (TC2B) assembling 
under the prescribed clamping force. The assembly of the 
downscaled wingbox illustrated the whole assembly process 
of the composite panels and TC2Bs with fabrication 
deviations. The results have shown the following: 
1. Based on FEA model of TC2B, the probability 
distribution function of the spring-in deviation was 
modified by the preloading. 
2. The positioning variation induced by the clamping force 
was estimated with SDT method. 
3. Combining the SDT with the assembling tolerance 
simulation software VSA improved the reliability of the 
results. 
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